We discuss thermal transport of two-dimensional topological superconductors (TSCs) with broken time reversal symmetry, which are described by Bogoliubov-de Gennes (BdG) Hamiltonians. From the calculations of bulk quantities only, without refereeing to Majorana edge states, we show that the thermal Hall conductivity of two-dimensional TSCs in the lowtemperature limit is quantized in multiples of 1 2 πT 6 , which is exactly one half of the value of quantization in the case of the integer quantum Hall effect, and that this exact halfquantization is caused by the structure of the Nambu spinor and the particle-hole symmetry, which BdG Hamiltonians generally have. In the case of spinless chiral p-wave superconductors, this result is in perfect agreement with the argument based on the Ising conformal field theory with the central charge c = 1/2, which is an effective low-energy theory of the Majorana edge states.
(in the unit of k B = 1, = 1), where c = 1/2 is the central charge of the Ising conformal field theory (CFT) which describes the Majorana edge state. 5, 6 Note that this value is one half of the value of IQHE states, which have edge modes described by the chiral Luttinger liquid theory, i.e. CFT with the central charge c = 1. 5 The Read-Green's argument is based on the CFT for the edge states, and the transport coefficients are not calculated from the bulk Hamiltonian. This means that the bulk-edge correspondence is ensured only by the existence of the underlying effective low-energy topological field theory, i.e. the gravitational Chern-Simons theory for thermal responses. 5 However, the CFT for the edge state can not predict the sign of the Hall conductivity, though its magnitude up to the sign is correctly determined. For instance, the above-mentioned formula c πT 6 is derived by assuming that its sign is positive. Actually, the sign of the Hall conductivity depends on the bulk band structure. Also, it is highly challenging to derive the gravitational Chern-Simons theory from microscopic Hamiltonians of solid state systems. Thus, it is desirable to obtain the quantum thermal Hall conductivity directly from the bulk microscopic Hamiltonian without referring to the edge theory. In fact, the calculation of the quantized thermal Hall conductivity from the bulk Hamiltonian is highly nontrivial even for the case of the Chern insulator (or the IQHE state), as was noticed by Qin, Niu, and Shi recently. 7 They pointed out that to obtain quantized thermal Hall conductivity which is associated with the TKNN number, one needs to extract the contributions of the energy magnetization current, since the magnetization current does not participate into the transport current induced by applied temperature gradient. Their procedure successfully gives the correct expression of the thermal Hall conductivity for the Chern insulator κ xy = n which coincides with the bulk result up to the sign, implying The Hamiltonian we start with is given bŷ
where each operator has indices (a, s). a(= ±1) is an index of the Nambu space and s is a spin index.ψ −1s (r) andψ 1s (r) are defined asĉ s (r) andĉ † s (r), respectively, whereĉ s (r) (ĉ † s (r)) is an annihilation (creation) operator of an electron, and the BdG Hamiltionian H BdG generally takes the form:
where K ss ′ (r, ∂ r ) and ∆ ss ′ (r, ∂ r ) are operators including differential operators and functions of r. In the case where K(r, ∂ r ) = − 1 2m
potential energy and∆ is a complex constant], the model describes spinless chiral p-wave superconductors. 5 On the other hand, in the case where
are Pauli matrices, and g(∂ r ) = 2λ(−i∂ y , i∂ x , 0)], the model describes s-wave superconductor with the Rashba spin-orbit interaction (SOI). 9, 10, 11 For the derivation of the formula for the thermal Hall conductivity, it is useful to clarify the symmetry of our system. The BdG Hamiltonian is Hermitian and preserves the particlehole symmetry (PHS): H BdG as a ′ s ′ = −H * BdG −as −a ′ s ′ . Consequently, if f as (r) is the solution for the eigenvalue E, f * −as (r) is the solution for the eigenvalue −E. As a result, if the system is periodic, the eigenfunctions for H BdG can be written as the form f kn as (r) = e ikr u kn as (r), where u kn as (r) has the same periodicity as the system, and the eigenenergys and eigenfunctions can preserve the symmetries
We take E nk (n = 1, 2, 3 · · · ) positive and E nk (n = −1, −2, −3 · · · ) negative, and normalize the eigenfuctions so that as d d r f * kn as (r) f kn as (r) = 1. Now, we obtain the expressions for correlation functions of creation and annihilation operators of Bogoliubov quasiparticles, which are utilized in the following calculations. We introduce annihilation (creation) operators of Bogoliubov quasiparticles:
kn as (r)ψ as (r). By using the symmetry eq. (3), we can derive the symmetry of these operatorsψ kn =ψ † −k−n and the anticommutation relations: 
where the function f (E) = 1/(e βE + 1) is the Fermi distribution function at the temperature T = 1/β and the chemical potential µ = 0, and X is the the statical average of the operator X: X ≡ Tr e −βĤX /Tr e −βĤ . Applying Wick's theorem, we get the expression for the four-point correlation function:
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where E 1 , δ 12 and δ 1−2 are the abbreviations for E k 1 n 1 , δ k 1 k 2 δ n 1 n 2 and δ k 1 −k 2 δ n 1 −n 2 respectively.
Note that the last term of (4), −δ 1−1 ′ δ 2−2 ′ , does not appear in the four-point correlation function of the systems of ordinary fermions, and is inherent for the Nambu spinor. This term plays an important role for the derivation of the half-quantized thermal Hall conductivity as shown in the following.
Energy current operator -In general, for the microscopic argument on transport phenomena, it is important to define correctly the "charge" and "current" field operators which satisfy the continuity equation. Therefore, in this section, to consider thermal transport, we define the energy density operator and the energy current operator. To apply the linear response theory, we introduce a gravitational field which gives rise to mechanical forces inducing heat current flow. 13 First, we, for simplicity, restrict the form of the BdG Hamiltonian to
matrix which preserves A i j = A ji , and the first term includes the kinetic energy and the superconducting gap which includes second-order differential operators. C(r) is a Hermitian-matrix-valued function of r, and includes the periodic potentials, the superconducting gap, the Zeeman energy, and so on. B i (r) is a matrix-valued function of r which is raised by gauge potentials, the spin-orbit interactions, or superconducting gap which includes first-order differential operators. Now we can get the equation: 
v i is Hermitian and preserves PHS: v i asa ′ s ′ = +v * i −as−a ′ s ′ . (Note the sign "+" ) Next, we define the energy density operator and the energy current operator. By using the method of integration by parts, the HamiltonianĤ can be rewritten aŝ
is the Hamiltonian density operator and Hermitian [i.eĥ
A similar abbreviation is used for other terms. Therefore, in the presence of a gravitational field φ(r), 13, 7 The Hamiltonian density operator and the Hamiltonian of the whole system are transformed intô
where
Note the scaling relation
Now we define the energy current operator of the system with a gravitational field as follows,ĵ
The last term of eq. (8) is indispensable for preserving the scaling law:
whereĵ
We can check that the scaling law eq. (9) actually holds by a straightforward calculation with paying attention to H φ = (1 + φ)
These Hamiltonian density and energy current operators eqs. (7) and (8) 
We present a brief proof of the continuity equation eq. (10) in the following. By noting the equationsψ = −i ψ ,Ĥ φ = −2iH φψ and v i = 2iA i j ∂ j − 2B i , we can geṫ 
(1 + φ)C , we get the equation:
Therefore, we obtain the continuity equation eq. (10) .
Using the energy current operator eq. (8) satisfying the conservation law, we calculate the thermal Hall conductivity in the next section.
Thermal Hall conductivity -In this section, we calculate the thermal Hall conductivity of superconductors using the procedure which was introduced by Qin, Niu and Shi, 7 with a particular attention to the symmetry of the eigenfunction eq. (3) and compare the result with the case of normal metals and band insulators.
The thermal Hall conductivity is given as follows:
The first term is given by the usual Kubo formula, 13 and M z E is the gravitomagnetic energy (heat) magnetization, which characterizes the circulation of the energy (heat) flow.
14 From now on, we use a bra-ket notation: f |O|g means
where coefficients for the expansion, h −q kn k ′ n ′ and j E q j kn k ′ n ′ , preserve the symmetries h −q kn k ′ n ′ = −h −q −k ′ −n ′ −k−n , j E q j kn k ′ n ′ = − j E q j −k ′ −n ′ −k−n , 
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